In this paper, we study the existence and multiplicity of positive solutions for semi-linear elliptic equations with a sign-changing weight function in weighted Sobolev spaces. By investigating the compact embedding theorem and based on the extraction of the Palais-Smale sequence in the Nehari manifold which is a subset of the weighted Sobolev spaces, we derive the existence of the multiple positive solutions of the equations by using the variational method. In the last part of this paper, by applying the Arzela-Ascoli fixed point theorem, some existence results of the corresponding time-fractional equations for semi-linear elliptic equations are obtained.
Introduction
In this paper, we consider the multiplicity results of positive solutions for the following semi-linear problem: , ∞), ps < N(s + )). is a bounded region with smooth boundary in R N ; a(x), f (x), h(x) are measurable functions and satisfy the following conditions: 
The problem (E λf ,h ) is an important and basic mathematical model, widely used in many fields. For specific theoretical implications of the above model, one can refer to Drábek 
with f + ≡  and f -is bounded and has a compact support in .
N ) =  and there exists c  > , θ  being the first eigenvalue of the Dirichlet problem -in , such that
for all x = (x , x N ) ∈ . They proved that the existence of = (q, p, h L ∞ , r) such that the problem (.) has at least two positive solutions for all λ
for all (x , x N ) ∈ . The existence of  >  was obtained such that for λ ∈ (,  ) the problem (.) possesses at least two positive solutions. We consider the P-Laplace Dirichlet problem above. In the following we will switch our view point to investigate the existence of positive solutions for the corresponding nonlinear time-fractional differential equation of the problem (E λf ,h ). We know that the subject http://www.journalofinequalitiesandapplications.com/content/2014/1/262 of fractional differential equations has emerged as an important area of investigation by the fact that it has numerous applications in viscoelasticity, electrochemistry, control, electromagnetic, porous media, and so on, thus the subject of fractional differential equations is gaining much importance and attention. For some recent developments on the subject, please see the literature [-], and the references therein for more details. But not many people pay attention to the study of the P-Laplace problems with nonlinear partial differential equations of time-fractional order, except the literature such as [, ], but the aim of this paper is to do so, too. To the best of our knowledge, the results in this paper are new and original as we have not found any discussion in the existing literature.
The paper is organized as follows. In Sections  and , we show that equation (E λf ,h ) in weighted Sobolev space has at least two positive solutions for λ sufficiently small. First, we recall the Nehari manifold which is a subset of the weighted Sobolev space, and analyze the behavior of the energy functional associated with our problems on the Nehari manifold. Moreover, by extracting the Palais-Smale sequences in the Nehari manifold and combining the properties of the compact embedding theorem in weighted Sobolev space, we obtain the result that there exist at least two positive solutions of the problem (E λf ,h ). In Section , we shall consider the following time-fractional differential equations derived from (E λf ,h ):
in ,
is a parameter describing the order of the fractional time, and φ(x), ψ(x) ∈ H   (a(x), ) are given real-valued functions. Then the problem (E λf ,h,t ) is deduced to an equivalent integral equation under the fractional order integral operator I α . Finally, we prove the existence of solution for the time-fractional differential equations by using the Arzela-Ascoli fixed point theorem. The conclusion is given by Section .
Notations and preliminaries
In the following, we first consider the positive solutions of the following problem.
) has at least two positive solutions.
In order to prove it, we need the following lemma. Proof Associated with equation (E λf ,h ), we define the energy functional I λ in X for given λ ≥ , f (x) and h(x) by
It is clear that I λ is of class C  with Gâteaux derivative I λ (u) at each u ∈ X given by
for all ϕ ∈ X. Therefore the (weak) solutions of equation (E λf ,h ) are the critical points of the energy functional I λ (see Rabinowitz [] ). As the energy functional I λ is not bounded from below on X, it is useful to consider the functional on the Nehari manifold which has the best behavior subset of X (see Brown and Zhang [] ). For any λ > , we define
Then u ∈ N λ if and only if
Note that any nonzero solution of the problem (E λf ,h ) belongs to N λ . Furthermore, we have the following result.
Lemma . The functional I λ is coercive and bounded from below on N λ .
Proof Let u ∈ N λ be arbitrary. Then by (.) and by the Hölder and Sobolev inequalities we get
Since q < p < r, it follows that I λ is bounded from below and coercive on N λ provided λ is small enough. http://www.journalofinequalitiesandapplications.com/content/2014/1/262
Next, we consider the Nehari minimization problem; for λ ≥ , define α λ = inf u∈N λ I λ (u) and
Then for u ∈ N λ by (.) we have
Now, we split N λ into three parts (see Drábek, Kufner and Nicolosi [] and Ambrosetti et al. [] ).
Then we have the following result.
Lemma . There exists
Proof We consider the following two cases.
Moreover, by the Hölder and Sobolev inequalities, for all u ∈ X, we obtain
where
However, by (.) and the Hölder and Sobolev inequalities, for u ∈ N  λ ,
This implies that for λ sufficiently small we have J λ (u) >  for all u ∈ N  λ , this contradicts (.). Thus, we can conclude that there exists λ  >  such that for λ ∈ (, λ  ), we have N  λ = ∅. The proof is complete.
Proof We have
and this completes the proof.
By Lemma ., for λ ∈ (, λ  ) we write
and we define
The following results show that minimizers on N λ are the 'usual' critical points for I λ .
Proof If u  is a local minimizer point for I λ on N λ , then u  is a solution of the following optimization problem:
Hence, by the theory of Lagrange multipliers, there exists θ ∈ R such that
Hence For each u ∈ N λ ⊂ X \ {}, we have
, we define the fiber map φ u (t) = I λ (tu), and we let φ u (t) = , i.e.,
Hence
By the Lagrange mean theorem, there exists a t(ξ ) such that
In particular, we have Proof (i) Fix u ∈ X \ {}, let
for t ≥ , we have s() = , s(t) → (-∞) as t → ∞, and by (.), we have
r-q , and so s(t) < , therefore, s(t) can achieve its maximum at t max . Moreover,
Note that tu ∈ N λ , if and only if s(t) = λ (f |u| q ) dx.
and
Case (II) If λ (f |u| q ) dx > , by (.) and 
(ii) by Case (II) of part (i).
then by the implicit function theorem, there is a neighborhood W u of u in U and an unique continuous function , since t -is continuous on U, it follows that t -is continuous for nonzero u. Then the proof is complete.
Lemma . There exists a positive number
and so and so
Thus, there exists a positive number
This completes the proof.
Proof of Theorem 2.1
First, by following the idea of Tarantello [], we have the following result.
Lemma . For each u ∈ N λ , there exist >  and a differentiable function ξ : B(, ) ⊂
The proof of the two lemmas above is almost the same as given by Hsu [] and thus we omit it.
(i) there exists a minimizing sequence {u n } ⊂ N λ such that
(ii) there exists a minimizing sequence {u n } ⊂ N -λ such that
Proof (i) by Lemma ., and the Ekeland variational principle [] , there exists a minimizing sequence {u n } ⊂ N + λ such that
By taking n large, from Lemma .(i), we have
consequently u n = , and putting together (.), (.), and (.), we obtain for all n
Now, we will show that I λ (u n ) → , as n → ∞. Applying Lemma . with u n to obtain the functions ξ + : B(, ) → R + for some n >  such that ξ + (w)(u n -w) ∈ N + λ , choose  < ρ < n , let u ∈ X with u ≡  and let w ρ = ρu u . We set η
and by the mean value theorem, we have
ρ →  in (.) for a fixed n, then by (.) we can find a constant c > , independent of ρ, such that
and we are done once we show that (ξ + n ) (u) is uniformly bounded in n. By (.), (.), and (.), we have
for some b > . We only need to show that
for some c > , and n large enough. We argue by contradiction; assume that there exists a subsequence {u n } such that
combining (.) with (.), we can find a suitable constant d >  such that
for n sufficiently large. In addition (.), and the fact that u n ∈ N + λ also give
and the right side of (.) holds. This implies
However, by the right of (.), (.), and λ ∈ (, λ  ),
This contradicts (.), we get
this completes the proof of (i).
(ii) Similarly, by using Lemma ., we can prove (ii) and thus its proof and its details are omitted here.
Proof By Proposition .(i), it follows that there exists {u n } ⊂ N λ satisfying
We can infer that {u n } is bounded from below on X. Thus, passing a subsequence if necessary, there exists u  ∈ X, such that u n u  weakly in X. We get I λ (u  ) = . Suppose, by absurdity, that u  = , then by (.), we have (
and by (.), we get
thus by the Egorov theorem we obtain (f
we have
By Lemma .(i), it follows that α
for all n ≥ n  . Thus for all n ≥ n  , we get
which is an absurdity, because p < r. Hence, u  =  and since I λ (u  ) = , it follows that u  ∈ N λ and in particular, I λ (u  ) ≥ α λ . We will show that, up to a subsequence, u n → u  strongly in X. Suppose, for a contradiction, that u  < lim inf n→∞ u n . Since {u n } ⊂ N λ and u  ∈ N λ , we have
which is a contradiction. Hence, we can suppose, up to a subsequence, that u n → u  strongly in X. Note that 
Then by (.), we infer that
where c is a positive constant, independent of λ. So
and thus we conclude the proof.
Next, we establish the existence of a local minimum for Proof By Proposition .(ii), it follows that there exists a minimizing sequence {u n } for I λ on N -λ such that
By Lemma . and Lemma . and the compact embedding theorem, there exists a subsequence {u n } and u
We now prove that u n → u - strongly in X. Suppose otherwise, then
and so 
Time-fractional equations
In this section, we switch our view point to the fractional order equation (E λf ,h,t ) in weighted Sobolev space H   (a(x), ) with the standard norm
In order to discuss the existence of the positive solution for the (E λf ,h,t ), we need to present some basic notations, definitions, and preliminary results, which will be used throughout this section. We first have the following two definitions by [] .
Definition . The Caputo fractional derivative of order α of a function f (t), t > , is defined as 
